This inequality has been extended to discrete harmonic functions by S.Verblunsky [8] and R.Duffin [1] . They have proved the existence of an absolute constant A(< 50) such that o every function f(p) defined on the integral lattice Z satisfying the equation -47 -
A.Schtnzel
An analogue of Harnaok's inequality for positive superharmonic functions is easily deduced from the veil known convexity properties of subharmonio functions. Indeed, let f be a superharmonic function positive in a disc Dlo,R) and let us set for r < R
is a subharmonio function, hence by a well known theorem (see [2] , p.66, Th.2.13) B(r) is a convex function of log r in the interval 1 r < R, i.e.
B( r)< l0 * l 0 ' g r B(1) + B(R).
But log r > 0 and B(R) < f(o). Thus for |p| > 1
The main aim of the present paper Is to prove an analogue of Hamack's inequality for discrete superharmonic functions, o i.e. functions f(p) defined on Z and satisfying the inequality Af(p) < 0. We formulate it as Theorem 1." Let f(p) be a function on Z 2 superharmonic and nonnegative in the disc D(o,R). Then
if |p|-and R>|p| or R> |p| for the left hand side and the right hand side of (2) respectively.
It will be clear from Lemma 3 below that the inequalities (1) and (2) are best possible or nearly best possible. It foil ->v:s from the theorem that all functions superharraonic and positive on Z are constants. This is known and apparently proved for the first time in a more general context by Kemeny and Snell [3] . 2 Instead of the lattice Z one can consider other lattices or more generally networks. Prom the results on electric currents in networks due to Nash-Williams [6] one obtains the following theorem. Theorem 2. Let L be a regular lattice on the rlane (triangular, square or hexagonal) with o e L and the
for all pcL and f(p) > 0 for ieL, |q-p|=1 |p| < R then for |p| = 1
Theorem 3 related directly to the work of Nash-Williams requires more notation and therefore, its formulation is postponed.
The present paper has originated in a problem proposed st the XXVIII Polish Mathematical Olympiad, which required a proof of the last statement of Theorem 2 with L replaced by Z. I thank Professor Z.Ciesielski, Dr K.Malanowski, Professor W.M.Schmidt, Dr M.Skwarczyriski and Professor E.Wirsing for their valuable suggestions.
Let G be a locally finite graph, i.e. a set of points and lines joining some of these points such that every point is joined to only finitely many others (and none is joined to itself). Moreover, if h(p) > 0 for all p e V then for any two points p e V, q £ V h(q) < a(p,q)h(p), where a(p,q) is independent of h.
Proof. Let for any two points p,q, where p e V, q £ V, v(p,q) be the minimal length n of a sequence of points P 0 ,P 1 .
•.. »P n _-| € V such that (3) P 0 = P,P n = q, PiPi+T £ G.
Let further a p a p' ,,(I p , (4) a(p,q) = min , PoPl C Pl P 2 '-,C Pn-lPn where an empty product is 1 and the minimum is taken over all sequences satisfying (3) . Finally, let m = min h(p). We shall peV 
The inductive proof for A is complete, B follows by comparison of (4), (5) and (6). Lemma 2. Let V / V be a finite 3et of points connected in G and o € V. £ function f(p) c-superharmonic on V and non-negative for all p e V satisfies for all these p the inequality
where g(p,V) is the unique function defined on V such that 
Proof.
A function h defined on the set V can be regarded as a point in N-dimensional Euclidean space, where N is the cardinality of V. The set S of all functions h satisfying h(o) = 1, h(p) > 0 for p e V, A 0 h(p) < 0 for p e V is closed. It is also bounded since by Lemma 1 we have Therefore S is compact and for any p Q e V the functional k(p Q ) assumes in S its minimum m. The set S Q = h e S:h(p ) = mj is.again compact hence the functional assumes in S" its minimum. Let h e S_ be a function for o oo which the minimum is assumed. We assert that it satisfies the conditions where C is Euler's constant (see [7] p.342, Theorem 1), Let us consider the function
For p e V R we have Ah(p) =0. If p e V R \V R we find R-1 < I PI < R and
Hence by Lemma 1 applied to h(p) and to -h(p) we have h(p) * 0 for all p e V R . (15) follows now from (17) and (18).
In order to prove (16) let us observe that the graph G and the set V R are symmetric with respect to the coordinate axes, henoe g(p,V R ) must exhibit the same symmetry. Thus g(p,V R ) has the same value for p = ±e lt ±e 2 
(1) and (2) follow now by simple algebraic transformations. In order to prove Theorem 2 we need a lemma due to Nash--Williams [6] , If any of the numbers m^tc) (k < n) is zero the bound is trivial.
Therefore, assume that m^ • > 0 for k < n and set ?r-1 (i < r<n) -s=r k=r
We have 1 > > 0 (r < n), p n = 0, moreover it is easily verified that for r < n Furthermore one can show that the equality sign holds in (23) provided g(p,V) is constant on Y k and deduce from it a formula for g(o,V) analogous to Theorem 1 of [6] , We shall however not pursue the matter.
